Abstract. We show that a tilting module T over a ring R admits an exact sequence 0 → R → T 0 → T 1 → 0 such that T 0 , T 1 ∈ Add(T ) and Hom R (T 1 , T 0 ) = 0 if and only if T has the form S ⊕ S/R for some injective ring epimorphism λ : R → S with the property that Tor R 1 (S, S) = 0 and pdS R ≤ 1. We then study the case where λ is a universal localization in the sense of Schofield [Sch85]. Using results from [CB91], we give applications to tame hereditary algebras and hereditary noetherian prime rings. In particular, we show that every tilting module over a Dedekind domain or over a classical maximal order arises from universal localization.
Introduction
Tilting theory started in the early eighties in representation theory of finite dimensional algebras as a tool to relate two module categories via functors inducing crosswise equivalences between certain parts of both categories. Nowadays tilting plays an important role in various branches of modern algebra, ranging from Lie theory and algebraic geometry to homotopical algebra. We refer to [AHKH06] for a survey on such developments.
In this paper, we will consider (large) tilting modules over an arbitrary ring R, according to the following definition. A right R-module T is said to be a tilting module if it satisfies the following properties:
(T1) T has projective dimension at most one. A typical example of a (not finitely generated) tilting module is provided by the Z-module T = Q ⊕ Q/Z. Its tilting class Gen T = Gen Q is the class of all divisible groups.
In fact, following this pattern, one can use localization techniques to construct tilting modules in many contexts. The papers [AHHT05, Sal04, Sal05] already contain results in this direction. In the present paper, we push forward this idea. We show that every injective ring epimorphism λ : R → S with the property that Tor R 1 (S, S) = 0 and pd S R ≤ 1 gives rise to a tilting R-module S ⊕ S/R (Theorem 2.5). Moreover, we characterize the tilting modules that arise in this way. Namely, a tilting module T is equivalent to a tilting module S ⊕ S/R as above if and only if the exact sequence 0 → R → T 0 → T 1 → 0 in condition (T3) can be chosen with the additional property that Hom R (T 1 , T 0 ) = 0 (Theorem 2.10).
Our construction yields many interesting examples of tilting modules. For example, if the total ring of quotients Q r tot (R) of R has projective dimension one over R, then Q r tot (R) ⊕ Q r tot (R)/R is a tilting right R-module. Note that in general, however, the ring epimorphism λ : R → S need not be a perfect localization, see Examples 2.11(1) and 3.17. Examples of tilting modules that do not arise from ring epimorphisms as above are given in Examples 2.11(3) and (4).
Given a tilting R-module S ⊕ S/R as above, in general it is difficult to compute its tilting class. In many cases, however, the tilting class can be described in terms of divisibility.
For example, if U is a left Ore set of non-zero-divisors of R such that pd(U −1 R R ) ≤ 1, then T U = U −1 R⊕U −1 R/R is a tilting right R-module whose tilting class Gen T U coincides with the class of U-divisible right R-modules (Corollary 3.14).
More generally, if U is a class of finitely presented right R-modules of projective dimension one such that Hom R (U, R) = 0, we can consider the universal localization R U of R at U in the sense of Schofield [Sch85] . Suppose that R embeds in R U , and pd(R U ) R ≤ 1. Then T U = R U ⊕ R U /R is a tilting right R-module. If we further assume that R U /R is a direct limit of U-filtered right R-modules, then the tilting class Gen T U coincides with the class U ⊥ of all modules M satisfying Ext 1 R (U, M ) = 0 (Corollary 3.13). From work of Schofield and Crawley-Boevey [CB91] we know that universal localizations satisfying such assumptions occur over hereditary rings with a faithful rank function ρ having the property that R ρ is simple artinian, see Corollary 4.6. An important example for this situation is provided by finite-dimensional tame hereditary algebras, see [CB91] . In this case, we obtain a tilting module T U = R U ⊕ R U /R with tilting class U ⊥ for every set U of simple regular modules (Example 4.7). In a forthcoming paper, this result will be used to classify the infinite-dimensional tilting modules over tame hereditary algebras.
Another interesting example is the case of a hereditary noetherian prime ring with (simple artinian) quotient ring A. In Theorem 5.7, we prove that in this case T = A ⊕ A/R is a tilting right R-module with tilting class U ⊥ where U is the class of all simple right R-modules. Moreover, for any overring R < S < A there exists a unique subset U S of U such that S ⊕ S/R is a tilting right R-module with tilting class U ⊥ S . And for any right Ore set S consisting of regular elements, T S = RS −1 ⊕ RS −1 /R is a tilting right R-module with tilting class U ⊥ S where U S is the class of all simple modules whose elements are annihilated by some element of S.
In Corollary 5.10 we apply this result to a Dedekind domain R. We recover a classification result from [BET05] and show that the tilting modules T P = R U P ⊕ R U P /R arising from universal localization at U P = {R/m | m ∈ P}, where P runs through all subsets of max-spec(R), form a representative set up to equivalence of the class of all tilting R-modules.
1. Homological properties of ring epimorphisms.
1.1. Notation. For a ring R (with 1), we denote by Mod-R the category of all right R-modules.
Moreover, given M ∈ Mod-R, we write pd M for the projective dimension of M .
1.2. Definition. Let R, S be two rings. A morphism of rings λ : R → S is called a ring epimorphism if, for every pair of morphisms of rings δ i : S → T, i = 1, 2, the condition δ 1 λ = δ 2 λ implies δ 1 = δ 2 .
Of course, if λ : R → S is a morphism of rings, then every right (left) S-module is a right (left) R-module, and every morphism of right (left) S-modules is a morphism of right (left) R-modules. Moreover, it is well known that the category Mod-S is a full subcategory of Mod-R if and only if λ is a ring epimorphism [Ste75, Chapter XI, Proposition 1.2].
We will mainly deal with injective ring epimorphisms which in addition satisfy the following homological property studied by Geigle and Lenzing in [GL91] , see also [Dic77] and [Nee07] .
1.3. Definition. Let R, S be two rings and λ : R → S a ring epimorphism. Then λ is a homological ring epimorphism if Tor R i (S, S) = 0 for all i > 0.
Actually, we will see that in our context it is enough to require that Tor R 1 (S, S) = 0, a condition that Schofield has characterized as follows.
1.4. Theorem ([Sch85, Theorem 4.8]). Let ϕ : R → S be a ring epimorphism. The following statements are equivalent.
(1) Tor
The following notion from [GL91] will be useful for our discussion.
1.5. Definitions. If S is a class of right R-modules, the (right) perpendicular category to S is defined to be the full subcategory X S of Mod-R consisting of all modules A satisfying the following two conditions a) Hom R (S, A) = 0 for all S ∈ S. b) Ext 1 R (S, A) = 0 for all S ∈ S. If S = {S} we will write X S instead of X {S} . Given an injective homological ring epimorphism λ : R → S, the right S-modules can be characterized inside the category of all right R-modules as the objects of the perpendicular category X S/R . 1.6. Theorem (cf. [GL91, Proposition 4.12]). Let λ : R → S be an injective ring epimorphism with Tor R 1 (S, S) = 0. Then the following are equivalent for M ∈ Mod-R.
, endows M with a structure of right S-module.
1.7. Remark. As a consequence of the last proof, we see that for a right R-module M, the only possible structure as right S-module is the one given by Hom R (S, M ).
2. Tilting modules arising from ring epimorphisms 2.1. Definitions. Let R be a ring.
(1) Given a class L of right R-modules, we denote
(2) For a right R-module M, we denote by Add M the class of all isomorphic images of direct summands of direct sums of copies of M , and by Gen M the class of all right R-modules generated by M, i.e. the right R-modules which are epimorphic images of arbitrary direct sums of copies of M.
(3) A right R-module T is said to be a tilting module if Gen T = T ⊥ . This is equivalent to the definition given in the introduction, see [CT95] . The class T ⊥ is called a tilting class.
(5) Two tilting modules T and T ′ are said to be equivalent if their tilting classes T ⊥ and T ′ ⊥ coincide. This is equivalent to the condition Add(T ) = Add(T ′ ).
2.2. Example. Q ⊕ Q/Z is a tilting Z-module. Its tilting class is the class Gen Q of all divisible groups. Notice that Z ֒→ Q is a ring epimorphism with pd Q Z ≤ 1 and Tor Z 1 (Q, Q) = 0. We will now study tilting modules, like Q ⊕ Q/Z, constructed from injective ring epimorphisms. We start out with a generalization of some results from [AHHT05, Section 6], which in turn generalized part of [Mat73, Chapter 1]. The proofs are very similar to the ones in [AHHT05] , so we mostly omit them.
2.3. Lemma. Let λ : R → S be an injective ring epimorphism, and let M be a right R-module. The image of the morphism
The following lemma generalizes [Mat73, Lemma 1.8].
2.4. Lemma. Let R be a ring. Let λ : R → S be an injective ring epimorphism with Tor R 1 (S, S) = 0. Then the following statements are equivalent. a) tr S (M/ tr S (M )) = 0 for all M ∈ Mod-R. b) Gen S R is closed under extensions.
Proof. a) ⇒ b) : Let 0 → A → B → B/A → 0 be an exact sequence with A, B/A ∈ Gen S R . Since A is contained in tr S (B), we get the surjective morphism of right R-modules B/A → B/ tr S (B). Hence B/ tr S (B) ∈ Gen S R , but by hypothesis Hom R (S, B/ tr S (B)) = 0. Therefore B/ tr S (B) = 0 and B = tr S (B) ∈ Gen S R . b) ⇒ a) : Suppose tr S (M/ tr S (M )) = 0 for some right R-module M. Then there exists a submodule X of M such that X contains tr S (M ), X/ tr S (M ) = 0 and X/ tr S (M ) ∈ Gen S R . Consider the exact sequence 0 → tr S (M ) → X → X/ tr S (M ) → 0. By hypothesis, X ∈ Gen S R , which implies X = tr S (M ), a contradiction.
2.5. Theorem. Let R be a ring. Let λ : R → S be an injective ring epimorphism with Tor 
Our assumption (2) then yields that im β and Ext
, gives a map α : Hom R (S, M ) → M whose image is the trace of S in M by Lemma 2.3. Hence M ∈ Gen S R if and only if α is surjective. If M ∈ (S/R) ⊥ , then clearly α is surjective and M ∈ Gen S R . Conversely, suppose that α is surjective. Then Ext
is a right S-module, and the only right S-module which belongs to X S is the zero module. Hence Ext
and so T is a tilting module. (5) ⇒ (6) : If T R is a tilting right R-module, then pd T R ≤ 1, which clearly implies pd((S/R) R ) ≤ 1. (6) ⇒ (1) is clear.
To prove the last part of the Theorem, notice that Gen S R is closed under extensions by (4). Now apply Lemma 2.4. 2.6. Remarks. Suppose λ : R → S is a morphism of rings as in Theorem 2.5.
(1) When R is a commutative ring and S the full ring of quotients of R, the objects of the right perpendicular category X S are precisely the R-modules that Matlis called cotorsion in [Mat73] . (2) In many cases, for example if R is a hereditary ring, S ⊕ S/R is a two-sided tilting R-module.
2.7. Examples. Let R be a ring. Our next aim is to characterize the tilting modules that arise from injective ring epimorphisms as in Theorem 2.5. We first introduce some terminology.
2.8. Definitions. Let R be a ring. Let M be a right R-module and C a class of right R-modules closed under isomorphic images.
(1) C is said to be a torsion class if it is closed under extensions, direct sums and epimorphic images.
(2) A morphism f ∈ Hom R (M, C) with C ∈ C is a C-preenvelope of M provided the morphism of abelian groups
, that is, the morphism g : C → C ′ in the diagram above is always uniquely determined. Of course, every C-reflection is a C-envelope.
(5) C is said to be a reflective subcategory of Mod-R if every R-module M admits a C-reflection.
Remarks. (1) If T is a tilting module, then every
(2) It is well known that a class of right R-modules C is a reflective subcategory of Mod-R if and only if the inclusion functor ι : C → Mod-R has a left adjoint
(3) When they exist, C-envelopes and C-reflections are uniquely determined up to isomorphism.
We are now ready for the main result of this section.
2.10. Theorem. Let R be a ring and T be a tilting right R-module. The following statements are equivalent.
(1) There is an injective ring epimorphism λ : R → S such that Tor R 1 (S, S) = 0 and S ⊕ S/R is a tilting module equivalent to T . (2) There is an exact sequence 0 → R
Moreover, under these conditions, a : R → T 0 is a T ⊥ -envelope of R, and λ : R → S is a homological ring epimorphism.
Proof. The implication (1)⇒(2) follows immediately by choosing the exact sequence 0 → R → S → S/R → 0, keeping in mind that Add(S ⊕ S/R) = Add(T ), and that Hom R (S/R, S) = 0 by Theorem 1.6.
For the implication (2)⇒(1), observe first that a is a Gen(T )-preenvelope of R, so Gen T = Gen T 0 by [AHTT01, Lemma 1.1]. Moreover, it is easy to see that
1 is a torsion class, and T 1 is a partial tilting module in the sense of [CTT07] .
Denote now by X = X T1 the perpendicular category of T 1 . As shown in [CTT07, Proposition 1.3 and 1.4], X is a reflective subcategory of ModR which is closed under extensions, arbitrary direct sums and direct products, kernels and cokernels.
Then, as in [CTT07, Proposition 1.5], one can apply results of Gabriel and de la Peña [GdlP87, Theorem 1.2] or Geigle and Lenzing [GL91, Proposition 3.8] to obtain a ring epimorphism λ : R → S such that the category Mod-S, when viewed as a full subcategory of Mod-R, is equivalent to X . More precisely, if ℓ : Mod-R → X is a left adjoint of the inclusion functor ι : X → Mod-R, then ℓ(R) is a projective generator of X , and the functor Hom R (ℓ(R), −) preserves coproducts. So, if we set S = End R ℓ(R), we obtain mutually inverse functors Hom R (ℓ(R), −) and − ⊗ S ℓ(R) between X and Mod-S. Moreover, the assignment λ(r) = ℓ(m r ), where m r : R → R denotes the left multiplication with the element r, defines a ring epimorphism λ : R → S. Note that λ(r) is the uniquely determined element of S extending the endomorphism m r of R. In other words, if
Now, in our case T 0 belongs to X , and R a → T 0 is an X -reflection of R, that is, we can choose ǫ R = a and ℓ(R) = T 0 . In particular, since a : R → T 0 is a monomorphism, λ : R → S is injective. Indeed, λ(r) = 0 implies a m r = 0, hence m r = 0 and r = 0. Moreover, T 0 and S R are canonically isomorphic, thus S R has projective dimension at most one, and λ is a homological ring epimorphism by [GL91, Corollary 4.8]. So, we conclude from Theorem 2.5 that S ⊕ S/R is a tilting module with tilting class Gen(S R ) = Gen(T 0 ) = Gen(T ).
For the last statement, note that the X -reflection a : R → T 0 is left minimal, thus also a GenT -envelope of R.
Examples.
(1) In general, in the situation of Theorem 2.10, S is not flat as a left R-module.
Let us look at [CTT07, Example 2.2]. Here R is the path algebra given by the quiver 3 → 1 ← 2 ← 4, and we consider the tilting R-module
3 ⊕ (I 4 ) 3 belong to Add(T ), and Hom R (T 1 , T 0 ) = 0. But the left adjoint ℓ : Mod-R → X of the inclusion functor ι : X → Mod-R is not (left) exact, and thus R S is not perfect, cf. [CTT07, Example 2.2].
An example where S is not flat as a right (nor as a left) R-module will be given in Example 3.17.
(2) If we omit the assumption Hom R (T 1 , T 0 ) = 0, we still have a ring epimorphism λ : R → S such that X is equivalent to Mod-S. However, S R need not have projective dimension at most one, and λ need not be a homological epimorphism. Consider [CTT07, Example 2.4]. Here R is the algebra given by the quiver 1 α ← 2 β ← 3 with the relation βα = 0, and we take T = R with the (split) exact sequence 0 → R → R ⊕ P 2 → P 2 → 0. Then S R ∼ = S 3 ⊕ S 1 has projective dimension 2 and λ is not a homological epimorphism, cf. [CTT07, p.229].
(3) Let R be a hereditary (indecomposable) artin algebra of infinite representation type. Denote by p the preprojective component of R. There is a countably infinitely generated tilting R-module generating p ⊥ , called the Lukas tilting module, and denoted by L, cf. [Luk91, KT05] . It has the property that there are non-zero morphisms between any two non-zero modules from Add L, see [Luk91, Theorem 6.1 (b)] and [Luk93, Lemma 3.3 (a)]. So, there cannot be an exact se-
and therefore L does not arise from a ring epimorphism as above.
(4) Let R be a Prüfer domain which is not a Matlis domain, that is, the quotient field Q has projective dimension > 1 over R. Then R has no divisible envelope, see [GT06, Corollary 6.3.18]. So, the Fuchs tilting module δ, which is a tilting module generating the class of all divisible modules [GT06, Example 5.1.2], is another example of a tilting module that does not arise from a ring epimorphism as above.
Tilting modules arising from universal localization
Let us recall Schofield's notion of universal localization.
3.1. Notation. Let R be a ring. By P R ( R P) we denote the category of all finitely generated projective right (left) R-modules.
Let P and Q be finitely generated projective right R-modules. By P * we denote the finitely generated projective left R-module Hom R (P, R). If α ∈ Hom R (P, Q), we denote by α * the morphism of finitely generated left R-modules α * :
For a class of morphisms Σ between finitely generated projective right R-modules
3.2. Theorem ([Sch85, Theorem 4.1]). Let R be a ring and Σ be a class of morphisms between finitely generated projective right R-modules. Then there are a ring R Σ and a morphism of rings λ :
is an isomorphism of right R Σ -modules, and (ii) λ is universal Σ-inverting, i.e. if S is a ring such that there exists a Σ-inverting morphism ψ : R → S, then there exists a unique morphism of ringsψ : R Σ → S such thatψλ = ψ.
3.3. Definition. λ : R → R Σ as above is called the universal localization of R at Σ. In the same way one defines the universal localization at a class of morphisms between finitely generated projective left R-modules.
3.4. Remarks. Let R be a ring and let Σ be a class of morphisms between finitely generated projective right R-modules.
(1) The universal localization R Σ of R at Σ is unique up to isomorphism of R-rings, i.e. if λ i : R → S i , i = 1, 2, are universal localizations of R at Σ, there exists a unique isomorphism of rings ϕ :
So, if λ is injective and pd R Σ ≤ 1, then we infer from Theorem 2.5 that R Σ ⊕ R Σ /R is a tilting module with tilting class Gen
Proof.
(1) follows from the universal property of universal localization. For a proof of (2), we refer to [Sch85, pages 51-52]. (4) show that the injectivity of all morphisms in Σ and Σ * is a necessary condition for λ to be injective. Let us now turn to the cokernels of maps in Σ.
3.5. Definitions. (a) Let U be a right (left) R-module. We say that U is a bound right (left) R-module if U is finitely presented, pd U = 1 and Hom R (U, R) = 0. In other words, U is a bound right (left) R-module if and only if U is the cokernel of some morphism α : P → Q with P, Q ∈ P R ( R P) such that α and α * are injective.
(b) If U is a bound module with projective presentation 0 → P
then we have an exact sequence 0 → Q * α * → P * → coker α * → 0, and coker α * is the Auslander-Bridger transpose of U denoted by Tr U = coker α * , see for example [ARS95] .
(c) Let now U be a class of bound right R-modules. For each U ∈ U, consider a morphism α U between finitely generated projective right R-modules such that
is exact. We will denote by R U the universal localization of R at Σ = {α U | U ∈ U}.
In fact, R U does not depend on the chosen class Σ, cf. [Coh85, Theorem 0.6.2], and we will also call it the universal localization of R at U. By abuse of notation, we will write α U ∈ U for any morphism α U between finitely generated projective right R-modules as in (1) with U ∈ U.
Finally, a right R-module N is said to be U-torsion-free if Hom R (U, N ) = 0 for all U ∈ U, and N is said to be U-divisible if Ext 1 R (U, N ) = 0 for all U ∈ U. 3.6. Remark. It is known that a tilting module T is of finite type [BH08, Theorem 2.6], that is, there exists a set V of finitely presented modules of projective dimension at most one such that T ⊥ = V ⊥ . When R is a semihereditary ring, every finitely presented module M is of the form M = P ⊕U where P is finitely generated projective and U is a bound module [Lüc97, Theorem 1.2(3)]. Thus every tilting class is of the form V ⊥ where V is a set of bound modules if R is a semihereditary ring.
3.7. Example. If R is a ring and U ⊂ R is a right denominator set, then the right Ore localization RU −1 is the universal localization of R at all the maps α u : R → R, r → ur, where u ∈ U. Equivalently, RU −1 is the universal localization of R at the maps α * u , u ∈ U, given by right multiplication by u. In the same way, if U is a left denominator set, then U −1 R is the universal localization of R at the maps α u , u ∈ U, and also the universal localization at the maps α * u , u ∈ U. Notice further that if U is a left Ore set of non-zero-divisors of R, then U = {R/uR | u ∈ U} and Tr U = {Tr U | U ∈ U} = {R/Ru | u ∈ U} are sets of bound modules, and
According to the definition above, the perpendicular category X U of a class of bound modules U consists of the U-torsion-free and U-divisible modules. It can also be interpreted as the category of modules over the universal localization of R at U, as shown by Crawley-Boevey [CB91, Property 2.5] in a slightly less general situation.
3.8. Proposition. Let R be a ring. Let U be a class of bound right R-modules. The following statements are equivalent for M ∈ Mod-R.
U is invertible for all morphisms α U ∈ U. (2) ⇔ (3) ⇔ (4) : Take α U ∈ U. Then from
we get the following commutative diagram of exact sequences . Let U be a class of bound right R-modules, and Tr U = {Tr U | U ∈ U}. Then the class U ⊥ of U-divisible modules is a tilting class. Moreover, the class of Tr U-torsion-free modules is a cotilting class of left R-modules. 
If U ∈ U, and 0 → P α → Q → U → 0 is a projective presentation of U with P and Q finitely presented, we obtain the exact sequences 0 → Q * → P * → Tr U → 0, and 0 −→ Tor
are naturally isomorphic, we get Tor R 1 (U, X) ∼ = Hom R (Tr U, X). Therefore X ∈ U ⊺ if and only if Hom R (Tr U, X) = 0 for all U ∈ U, that is, X is Tr U-torsion-free.
When λ : R → R U is injective and pdR U ≤ 1, we have a tilting module R U ⊕ R U /R by Theorem 2.5. In general, however, its tilting class Gen R U does not coincide with the tilting class U ⊥ , as we will see in Example 4.7. The next result describes the case when Gen R U = U ⊥ . We first need some preliminaries. Given a class U of right R-modules, we say that a right R-module N is U-filtered if it admits a filtration (N ν |ν < κ) such that N ν+1 /N ν is isomorphic to some module in U for every ν < κ.
The following result is well known.
Lemma ([GT06, Lemma 3.1.2])
. Let M be a right R-module, and let U be a class of right R-modules such that M ∈ U ⊥ . If N is a U-filtered right R-module, then M ∈ N ⊥ .
3.12. Theorem. Let R be a ring. Let U be a class of bound right R-modules. Let further λ : R → S be an injective ring epimorphim with Tor R 1 (S, S) = 0 and pd S R ≤ 1. The following statements are equivalent.
(1) Gen S R = U ⊥ . (2) The map λ : R → S is a U ⊥ -(pre)envelope. (3) S R ∈ U ⊥ , and every (pure-injective) module M ∈ U ⊥ belongs to (S/R) ⊥ .
In particular, conditions (1) − (3) hold true if S R ∈ U ⊥ and S/R is a direct limit of U-filtered right R-modules.
Proof. We already know by Theorem 2.5 that T = S ⊕ S/R is a tilting right R-module with Gen T = Gen
R (S/R, M ) = 0, and therefore Hom R (λ, M ) is surjective. So, λ : R → S is a U ⊥ -preenvelope. Suppose now that g ∈ End R (S) satisfies λ = gλ. Since Mod-S is a full subcategory of Mod-R, g ∈ End S (S). Now, since g(1) = 1, we get that g is the identity and therefore an isomorphism. So λ is even a U ⊥ -envelope. (2) ⇒ (1) : By the definition of a preenvelope, we have that S R belongs to U ⊥ . Since U ⊥ is a torsion class, it follows Gen S R ⊆ U ⊥ . For the reverse inclusion, note that S R is a generator of
⊥ is a torsion class, we deduce as above Gen S R ⊆ U ⊥ . To prove equality, note that both classes are tilting classes. By [BH08, Theorem 1.6] it follows that they are both definable classes, that is, they are closed under direct products, direct limits, and pure submodules. As noted in Section 2 of [BH08] , a combination of Ziegler's result [Zie84, Theorem 6.9] and Keisler-Shelah Theorem (cf. [Kei61] and [She71] ) implies that Gen S R and U ⊥ coincide if and only if they contain the same pure-injective right R-modules. The latter holds true by (3).
We now prove the last statement. Suppose that S R ∈ U ⊥ and S/R = lim
where all N i are U-filtered right R-modules. By condition (3) it is enough to show that every pure-injective module M ∈ U ⊥ belongs to (S/R) ⊥ . Now, for such module M we have
Since all N i are U-filtered, Ext 3.13. Corollary. Let R be a ring. Let U be a class of bound right R-modules. Suppose that R embeds in R U , and pd(R U ) R ≤ 1. Assume further that R U /R is a direct limit of U-filtered right R-modules.
Proof. Notice that R U ∈ U ⊥ because R U is a right R U -module, see Proposition 3.8. So, the statement follows immediately from Theorem 3.12 and Remark 3.4(3).
We now give some applications of the last results. We start with an extension of [AHHT05, Proposition 6.4].
3.14. Corollary. Let R be a ring. Let U be a left Ore set of non-zero-divisors of R. Then pd(U −1 R R ) ≤ 1 if and only if Gen(U −1 R R ) coincides with the class of U-divisible right R-modules. In this case T U = U −1 R ⊕ U −1 R/R is a tilting right R-module whose tilting class coincides with the class of U-divisible right R-modules.
Proof. Suppose pd(U −1 R R ) ≤ 1. Since U consists of non-zero-divisors, R embeds in U −1 R. Setting U = {R/uR | u ∈ U}, we know by Example 3.7 that U is a set of bound right R-modules and R U ∼ = U −1 R. On the other hand, given u, v ∈ U, there exist z ∈ U, w ∈ R, such that wu = zv. Then
Hence every finitely generated right submodule of U −1 R is contained in u −1 R for some u ∈ U. Therefore U −1 R/R = lim −→ u∈U u −1 R/R. Moreover, notice that for every u ∈ U, u −1 R/R ∼ = R/uR, thus, U −1 R/R is a direct limit of the U-filtered modules u −1 R/R. Then, applying Corollary 3.13, we obtain that T U = U −1 R ⊕ U −1 R/R is a tilting right R-module and Gen(T U ) R = Gen(U −1 R) R = U ⊥ . The proof of the other implication is given in the last paragraph of the proof of [AHHT05, Proposition 6.4].
3.15. Remark. If U is a twosided Ore set of non-zero-divisors, then pd( R U −1 R) ≤ 1 if and only if Gen( R U −1 R) coincides with the class of U-divisible left R-modules. In fact, in this case U −1 R = RU −1 = R U , and we can apply the left version of Corollary 3.13 on R RU −1 . However, if U is just a left Ore set of non-zero-divisors of R, and pd( R U −1 R) ≤ 1, then T U = U −1 R⊕U −1 R/R is a tilting left R-module by Theorem 2.5, but we cannot compute T ⊥ U as we don't know whether U −1 R/R can be written as a direct limit of {R/Ru | u ∈ U}-filtered left R-modules.
Stronger results will be obtained in Theorem 5.7 under the assumption that R is a hereditary noetherian prime ring.
Corollary ([GT06, Remark 6.3.17])
. Let R be a commutative valuation domain with field of fractions Q. Suppose that pd(R p ) R ≤ 1 for each prime ideal p of R (equivalently, suppose that R p is countably generated as an R-module for every prime ideal p of R). Then the set T = {T p = R p ⊕ R p /R | p ∈ Spec(R)} is a representative set up to equivalence of the class of all tilting R-modules.
Proof. For each prime ideal p of R, let U p = R \ p. By Corollary 3.14 we know that T p = R p ⊕ R p /R is a tilting R-module and T ⊥ p equals the class of U p -divisible R-modules.
It is known that the set of Fuchs tilting modules {δ Up | p ∈ Spec(R)} is a representative set up to equivalence of the class of all tilting R-modules, and δ ⊥ Up is the class of U p -divisible R-modules [GT06, Theorem 6.2.21].
The assumption that pd(R p ) R ≤ 1 for each prime ideal p of R is satisfied if and only if R p is countably generated as an R-module for every prime ideal p of R. In fact, if R is a commutative local ring and U is a multiplicative subset of non-zero-divisors, then pd RU Let X be a nonempty set. Let G be the free group on X. Let k be a field. Consider the free algebra R = k X and the free group algebra kG with the natural embedding k X ֒→ kG which sends x → x for every x ∈ X. Let X = {k X /xk X | x ∈ X}. Then T X = kG ⊕ kG/k X is a tilting right R-module with T ⊥ X = X ⊥ .
In fact, if Σ = {α x | x ∈ X} where α x : k X → k X is defined by p → xp, then kG can be regarded as the universal localization of R at X . Since k X is hereditary, pd(kG) ≤ 1, so T X is a tilting right R-module by Remark 3.4(3).
Note that X is a set of bound right k X -modules. Since kG is a right kG-module, kG ∈ X ⊥ by Proposition 3.8. We now verify condition (2) in Theorem 3.12. Let M ∈ X ⊥ . We have to show that for every k X e f → M, there exists f : kG → M extending f . We will define f on the elements of G and then extend it by linearity.
Every element g ∈ G can be uniquely expressed as a word of the form
r where x i ∈ X, e i = ±1 and x i = x i+1 if e i = −e i+1 . We proceed by induction on the length of g. If r = 0, that is, g = 1, then we define f (1) as f (1). Let r + 1 > 0 and suppose we have defined f (g) for all g ∈ G of length ≤ r. Let g be a word of length r + 1, suppose g = x e1 · · · x er+1 r+1 = hx er+1 r+1 as in (2). Notice that for each m ∈ M and x ∈ X there exists n ∈ M such that m = nx. This can be seen applying Hom R ( − , M ) to the short exact sequence determined by α x and the fact that M ∈ X ⊥ . So fix n ∈ M such that nx r+1 = f (h). Then
if e r+1 = 1 n if e r+1 = −1.
Hence k X ֒→ kG is an X ⊥ -preenvelope, and T ⊥ X = Gen kG = X ⊥ . Finally, observe that kG is not a flat right (left) k X -module if |X| ≥ 2 . Indeed, let x = y ∈ X. Consider the unique embedding of left (right) k X -modules such that
Consider 1 kG ⊗ α : kG ⊕ kG −→ kG. Then (x −1 , 0) and (0, y −1 ) have the same image 1. Thus 1 kG ⊗ α (α ⊗ 1 kG ) is not injective.
It can be seen that T X is also a tilting left R-module with R T
Projective rank functions
We recall some notions and results from [Sch85] and [CB91] . For details, we refer to [Sch85, Theorems 1.11, 1.16, 1.18, 1.22, 5.1, 5.5] and [CB91, Theorem 1.4]. 4.1. Definitions. Let R be a ring. We denote by K 0 (R) the Grothendieck group of finitely generated projective right R-modules modulo direct sums, that is, the abelian group generated by the isomorphism classes [P ] of P ∈ P R modulo the
(a) A (projective) rank function on a ring R is a morphism of groups ρ :
> 0 for every nonzero P ∈ P R , we say that ρ is a faithful rank function. For sake of simplicity we will write ρ(P ) instead of ρ([P ]).
(b) Let α : P → Q be a morphism between finitely generated projective right R-modules. Consider the finitely generated projective right R-modules P ′ such that there exist morphisms β, γ making the following diagram commutative
We define the inner rank of α as ρ(α) = inf{ρ(P ′ ) | P ′ satisfies (3)}.
(c) We say that a morphism between finitely generated projective right R-modules α : P → Q is full in case ρ(α) = ρ(P ) = ρ(Q). We denote the localization of R at the set of all full morphisms by R ρ , and we call it the universal localization of R at ρ. If ρ is faithful and α is full, we define α to be an atomic full morphism if, in any nontrivial factorization as in (3), we have ρ(P ′ ) > ρ(P ) = ρ(Q) = ρ(α).
4.2.
Theorem. Let R be a hereditary ring with a faithful rank function ρ. Let Σ be a collection of full maps. Then R embeds in R Σ .
4.3.
Definition. Suppose R is a semihereditary ring with a faithful rank function ρ. Notice that every full map is injective under these assumptions since P ∼ = ker γ ⊕ im γ for every morphism γ : P → Q between finitely generated projective right R-modules. Let M be a right R-module. We say that M is ρ-torsion if M is the cokernel of a full morphism. We say that M is ρ-simple if M is the cokernel of an atomic full morphism. Of course, the ρ-torsion (and the ρ-simple) modules are bound right R-modules. Moreover, if R is hereditary, then the ρ-torsion modules form an exact abelian length category (that is, every object has finite length) whose simple objects are the ρ-simples. . Let R be a hereditary ring with a faithful rank function ρ such that R ρ is a simple artinian ring. Let U be a class of ρ-simple modules. The following statements hold true.
(1) As a right R-module, R U /R is a directed union of finitely presented modules N i such that each N i is a finite extension of modules from U. (2) As a left R-module, R U /R is a directed union of finitely presented modules M j such that each M j is a finite extension of modules of the form Tr U with U ∈ U.
In particular, the Theorem above applies in the following situation.
4.5. Theorem. Let R be a hereditary ring. Suppose R has a unique rank function ρ, and suppose that ρ takes values in 1 n Z for some positive integer n. Then the universal localization R ρ of R at ρ is a simple artinian ring.
Let us now apply the results above. Combining Theorems 4.2 and 4.4 with Remark 3.4(3) and Corollary 3.13, we immediately obtain the following. 4.6. Corollary. Let R be a hereditary ring with a faithful rank function ρ. The following statements hold true.
(1) If V is a class of ρ-torsion right R-modules, then T V = R V ⊕ R V /R is a tilting right R-module. (2) Suppose R ρ is simple artinian. If U consists of ρ-simple modules, then T U = R U ⊕ R U /R is a tilting right R-module with tilting class T ⊥ U = U ⊥ , and it is also a tilting left R-module with tilting class R T U ⊥ = (Tr U) ⊥ .
In general, if V is just a class of ρ-torsion right R-modules, the tilting class Gen T V differs from V ⊥ , as we are going to see next.
4.7. Example. Let R be an (indecomposable) tame hereditary algebra. Then K 0 (R) is the free abelian group with basis the (finite number of) isomorphism classes of simple right R-modules {S 1 , . . . , S n }, and there is a bilinear form B R :
Since R is of tame representation type, χ R is positive semidefinite but not positive definite.
Moreover, the Q-subspace N ≤ Q⊗ Z K 0 (R) formed by the radical vectors of B R is one-dimensional and can be generated by a vector v with coordinates (v 1 , . . . , v n ) ∈ N n in the basis {[S 1 ], . . . , [S n ]} with at least one component v i = 1, see [Rin84] . Hence χ R (v) = 0 and any other w such that χ R (w) = 0 is a Q-multiple of v.
Following [CB91, Section 4], we define a faithful rank function
It is called the normalized defect for R.
The indecomposable ∂ R -torsion modules coincide with the regular modules and the ∂ R -simple modules with the simple regular modules. Moreover, it was shown in [CB91, Lemma 4.4] that R ∂R is a simple artinian ring. From Corollary 4.6(2) we infer that for every set U of simple regular right R-modules, the right R-module 
where α and β are full morphisms, and that α = δγ, β = εδ where γ, δ, ε are full atomic morphisms with coker γ = τ S, coker δ = S and coker ε = τ − S.
In fact, using the AR-formula we have
4.8. Remark. Many rings satisfy the conditions in Corollary 4.6(2), for example tame hereditary algebras (see above), Dedekind prime rings [CB91, Proposition 3.1 (2)] and firs. Hereditary local rings, free algebras and free group algebras are examples of firs.
Noetherian prime rings
5.1. Notation. Let R be a right order in a semisimple ring A, i.e. A is the right Ore localization of R at the set C R of regular elements of R. Let n be the length of A as a right A-module. We define the rank function u :
called the normalized uniform dimension, see [CB91] . Let U r be a set of representatives of all isomorphism classes of finitely presented simple right R-modules. Let V r be a set of representatives of all isomorphism classes of finitely presented torsion right R-modules. Let finally D r = {R/sR | s ∈ C R }. In the same way we define U l , V l , D l .
Remarks.
(1) Since A is the right Ore localization of R at C R , the left R-module R A is flat. Moreover a right R-module V R is torsion if and only if V ⊗ R A = 0.
(2) Since every projective right R-module is torsionfree, u is a faithful rank function.
Recall the following result which can be found, for example, in [Jat86, Corollary 2.2.12].
5.3. Lemma. Let R be a right order in a simple artinian ring. If there exists a simple torsionfree right R-module, then R itself is a simple artinian ring.
The following result is a generalization of the foregoing Lemma to the semisimple situation.
5.4. Lemma. Let R be a right order in a semisimple ring A. If there exists a simple torsionfree right R-module, then there exists a primitive central idempotent e of A such that eRe is a simple artinian ring.
Proof. Suppose M is a simple torsionfree right R-module. It is known that there exists a right ideal I of R such that M and I have isomorphic essential submodules, see for example [Jat86, Proposition 2.2.11]. Hence, since M is simple, M embeds in R. So we can suppose M is a right ideal of R. There exists a primitive central idempotent e of A such that M e = 0. Then M e ∼ = M as right R-modules, and M e is a simple torsion free right eRe-module. Notice that eRe is a right order in the simple artinian ring eAe. Thus eRe is simple artinian by Lemma 5.3. 
, and V is a u-torsion module. Conversely, if V is a u-torsion module, then V is a finitely presented module with pd V R = 1. Let 0 → P α → Q → V → 0 be a projective presentation of V with P and Q finitely generated. Notice that length(P ⊗ R A) = length(Q ⊗ R A). Hence α ⊗ 1 A is an isomorphism and V ⊗ R A = 0. Thus V is a torsion right R-module.
(2) Let U be a finitely presented simple right R-module with finite projective presentation 0 → P α → Q → U → 0. Since U is simple and there is no primitive central idempotent e of A such that eRe is simple artinian, Lemma 5.4 implies U is a torsion right R-module, and therefore u-torsion with pd U R = 1 by (1). Now
Hence length(Q ⊗ R A) = length(P ′ ⊗ R A). Since α ⊗ 1 A is surjective, we get γ ⊗ 1 A is an isomorphism. Hence we have the commutative diagram
where the vertical arrows are injective. Hence γ is injective. Clearly β is injective. Now, since U ∼ = Q/P is simple, we get that β or γ is an isomorphism. This shows that U is u-simple.
On the other hand, if U is a u-torsion module which is not a simple module, then it contains a finitely generated submodule 0 = V U. Suppose 0 → P α → Q → U → 0 is a projective presentation of U with P and Q finitely generated. Then there exists a finitely generated submodule 0 = P
′ is a projective right R-module. Now α factors through P ′ in the following way
is an exact sequence with W torsion and P, Q finitely generated projective right R-modules, then α ⊗ 1 A : P ⊗ R A → Q ⊗ R A is an isomorphism. Therefore condition (i) in Theorem 3.2 is satisfied.
Let b : R → B be a morphism of rings such that α ⊗ 1 B is invertible for every full morphism P α → Q. By (1), α is full if and only if coker α is torsion. If s ∈ C R , R/sR is torsion. Therefore the map α s : R → R, defined by r → sr, is a full morphism and α s ⊗ 1 B is invertible. Hence b(s) is invertible in B. By the universal property of Ore localization there exists a unique morphism of rings ψ : A → B such that ψ |R = b. Thus condition (ii) in Theorem 3.2 is satisfied.
The following result is a generalization of [ER70, Theorem 1.3] to the semisimple situation. We prove it using the theory of rank functions. 5.6. Theorem. Let R be a hereditary noetherian semiprime ring which is a right order in the semisimple ring A. Suppose there is no primitive central idempotent e of A such that eRe is simple artinian. Let J ⊆ I be right ideals of R. Then I/J is an artinian right R-module if and only if J is an essential submodule of I.
Proof. We use the following known fact, see for example [Jat86, Proposition 2.2.2]: If R is a right order in a semisimple ring, then a submodule N of a torsion-free right R-module M is essential in M if and only if M/N is torsion.
Suppose I/J is artinian. Then it has finite length, that is, it is a finite extension of simple right R-modules, and hence torsion right R-modules by Lemma 5.4. Thus I/J is torsion.
On the other hand suppose J is an essential submodule of I. By the remark at the beginning of the proof, I/J is a finitely presented torsion right R-module. By the discussion on Definition 4.3 and Proposition 5.5 it follows that I/J has finite length. Now we come to the main result of this section. 5.7. Theorem. Let R be a hereditary noetherian prime ring which is not simple artinian. Let A R be the simple artinian quotient ring of R. Then (1) T = A ⊕ A/R is a tilting right R-module with 
(2) is proven with symmetric arguments. (3) It is proved in [CB91, Remark 3.3] that every ring S with R < S < A is the universal localization of R at some morphisms between finitely generated projective right (left) R-modules. Recall from [Sch85, Chapter 5] that the universal localizations of R embedding in R u are in bijective correspondence with collections of stable association classes of atomic full morphisms. So, S is the universal localization of R at a unique subset U S of U r (U l ). Now, because of Proposition 5.5 (2) and (3), we can apply Corollary 4.6(2).
(4) T S is a tilting left R-module with T ⊥ S = {R/Rs | s ∈ S} ⊥ by (the right version of) Corollary 3.14. Suppose we have proved that RS −1 is the universal localization of R at U S . By Proposition 5.5, we can apply Corollary 4.6(2) to obtain the desired results.
We now prove that RS −1 is the universal localization of R at U S . The argument is very similar to the one of [CB91, Lemma 3.4].
First of all, notice that R RS −1 is flat, and for every U ∈ U S , U ⊗ R RS −1 = 0. Hence, if 0 → P α → Q → U → 0 is a projective presentation of U with P and Q finitely generated, then α ⊗ 1 RS −1 is invertible. Hence condition (i) in Theorem 3.2 is satisfied.
Let B be a ring with a map b : R → B such that for every U ∈ U S and any finite projective presentation 0 → P α → Q → U → 0, α ⊗ R 1 B becomes invertible. Let s ∈ S. Consider R/sR. Since S is right Ore, by Theorem 5.6, R/sR has finite length and therefore it has a finite filtration of simple right R-modules. Recall S consists of non-zero-divisors. Hence R/sR ∼ = s −1 R/R. Since S is a right Ore set, for every s −1 r ∈ s −1 R, there exist t ∈ S, x ∈ R such that s −1 r = xt −1 . Therefore, for every z ∈ R/sR there exists t ∈ S with zt = 0. This implies that all the composition factors of R/sR are in U S .
For each s ∈ S, define the morphism δ s : R → R, given by r → sr. By the foregoing, δ s ⊗ 1 B is invertible for every s ∈ S. Notice δ s ⊗ 1 B can be regarded as the morphism B → B defined by x → b(s)x. Thus b(s) is invertible for all s ∈ S. By the universal property of Ore localization there exists a morphism of rings γ : RS −1 → B making the following diagram commutative
Therefore condition (ii) in Theorem 3.2 is satisfied.
For (5) apply the left and the right versions of (4).
Before stating the next results we recall the following definitions.
5.8. Definitions. (a) A right R-module M is faithful if the ideal ann(M ) = {r ∈ R | mr = 0 for all m ∈ M } = 0. We say M is unfaithful if M is not a faithful module.
(b) Let Z be a commutative noetherian domain with quotient field K and let Q be a central simple K-algebra. A Z-order in Q is a Z-subalgebra R of Q, finitely generated as Z-module and such that R contains a K-basis of Q. A hereditary order R is a hereditary ring R which is a Z-order in some central simple K-algebra Q, where Z is some Dedekind domain with quotient field K = Z. The hereditary order R is a maximal order if it is not properly contained in any other Z-order in Q.
5.9. Theorem. Let R be a hereditary noetherian prime ring which is not simple artinian. Let U r be a set of representatives of all isomorphism classes of all simple right R-modules. Suppose that there are no simple faithful right R-modules and that Ext 1 R (U 1 , U 2 ) = 0 for any two non-isomorphic simple right R-modules U 1 , U 2 . Then
is a representative set up to equivalence of the class of all tilting right R-modules.
In particular, the statement holds true when R is a maximal order or a hereditary local noetherian prime ring which is not a simple artinian ring (for example a not necessarily commutative discrete valuation domain).
Proof. For the first part we follow the terminology of [Lev00] . If M is a finitely generated right R-module, then M = P ⊕ V where P is projective and V is the submodule consisting of the torsion elements [MR87, Lemma 5.7.4]. Moreover, V is of finite length and has a decomposition V = V 1 ⊕ V 2 where V 1 is a (finite) direct sum of uniserial modules whose composition factors are all unfaithful, and V 2 is a direct sum of modules whose composition factors belong to so-called faithful towers [Kuz72, Theorem 2.19] or [KL95, Theorem 4.6]. Since we are assuming that there are no faithful simple right R-modules, V 2 = 0.
So M ⊥ = (W 1 ⊕ · · · ⊕ W n ) ⊥ where W i are indecomposable finitely generated uniserial modules. Since Ext 1 R (U, U ′ ) = 0 for any two non-isomorphic simple modules U, U ′ , we obtain that all composition factors of W i are isomorphic to the same simple module U i . Hence
So for every set of finitely generated right R-modules V, there exists a set of simple right R-modules W such that V ⊥ = W ⊥ . From Remark 3.6, Proposition 5.5 and Corollary 4.6(2) we infer that T is a representative set up to equivalence of the class of all tilting right R-modules.
Let R be a maximal order. That there are no faithful simple R-modules is a concatenation of the following results. By Lemma 5.3, every maximal right ideal contains a nonzero divisor, so it is essential [Jat86, 2. If R is a hereditary local noetherian prime ring which is not a simple artinian ring there is only one simple right R-module up to isomorphism, and it is unfaithful since it is isomorphic to the quotient of R by its maximal ideal.
We now recover the classification of tilting modules over Dedekind domains obtained in [ (2) Let P be a subset of max-spec(R). Consider U P = {R/m | m ∈ P}. Then T P = R U P ⊕ R U P /R is a tilting right R-module with T ⊥ P = U ⊥ P . Therefore the set {T P | P ⊆ max-spec(R)} is a representative set up to equivalence of the class of all tilting R-modules. Then apply Theorem 5.7(5).
(2) By Proposition 5.5 and Corollary 4.6(2), we obtain that T P is a tilting module with
For the second statement, we prove that R satisfies the conditions of Theorem 5.9. All simple R-modules are unfaithful because they are isomorphic to the quotient of R by a maximal ideal. On the other hand let M be an extension of the nonisomorphic simple R-modules R/p and R/q with p and q nonzero prime ideals of R. Notice that ann(M ) = pq. Therefore M ∼ = T p (M ) ⊕ T q (M ) where T p (M ) and T q (M ) denote the p-primary and the q-primary components of M. Therefore M ∼ = R/p ⊕ R/q, see [BK00, Sections 5.1, 6.3].
